Our new model, "series combined model", for the superelastic deformation in Ti-Ni-Cu shape memory alloy was proposed considering the mechanical deformation phenomenon in a Lüders deformation type of phase transformation in order to clarify the progressing behavior of the phase transformation and then the suitable physical formula for it in future. By assuming the competitive phenomenon between the phase transformation and the plastic deformation, this model was applied for transformation behavior progressing together with the local plastic deformation. In the application of the model, some significant transformation points in stress-strain curve were determined originally to be well fit for the superelastic deformation of shape memory alloy. The original constitutive equation, which based on this model, was used to calculate the martensite volume fraction at every point in one cycle of superelastic deformation by making the inverse analysis for the stress-strain data obtained experimentally under the various temperatures. The validity of this model and constitutive equation for superelastic deformation was confirmed by comparison between the experimental result of a half cycle and the prediction for the stress-strain curve based on the inverse analysis result in a full cycle. The prediction for temperature dependence of the volume fraction and the magnitude of plastic strain in the plastic deformed martensite phase could explain enough the temperature dependence of the irrecoverable strains obtained experimentally. The progressing rate of the martensite transformation as well as the reverse transformation, which was calculated by making the inverse analysis results, decreased depending on the increase of temperature.
Introduction
Most of the macroscopic approaches by using the constitutive equation for superelasticity phenomenon of shape memory alloy have been studied from the viewpoint of formulating the phenomenon with deep consideration of rather the mechanical mechanism than the physical characteristics. 1, 2) Some of these studies were the macroscopic approaches assumed that the phase transformation progresses in proportion to the change in the free energy. Here, the deferential type of constitutive equation for the phase transformation had been proposed as the equation expanded by using the transformation concept proposed already for steel. [3] [4] [5] In either case of these studies, most of the constitutive equations for stress and strain, which are solved as the simultaneous equations together with the transformation equation, have been proposed as the parallel type of equation consisted of the some stress terms such as the elastic stress and the stress due to the transformation strain. 6, 7) These studies as in the past are, so to speak, only the macroscopic approaches with attaching importance to mechanical deformation, which didn't consider the physical characteristics adequately in the constitutive equations for stress and strain for shape memory alloy during superelastic behaviors.
However, even if the transformation phenomenon were represented by the constitutive equations for stress and strain for the purpose of researching the equation to consider some significant factors effecting on the transformation, the ap- * Graduate Student, Ehime University.
proaches assumed a suitable physical equation for transformation in shape memory alloys might be extremely difficult to formulate the complicate transformation behaviors with plastic damaged deformation and also would require many parameters without distinct physical meaning.
Thus, considering it from our experimental results of superelastic deformation under condition changed variously the strain rates as well as the temperatures, we convinced ourselves that the series combined model should be used for modeling superelastic transformation, without using the parallel combined model as in the past.
In our present study, the inverse analysis for the experimental data was applied to predict the behaviors of martensite during superelastic deformation as an original analysis method in the approaches for investigating the superelastic properties of shape memory alloys with consideration of microscopic characteristics. In the inverse analysis, the series combined model was thought up originally as the physical model for superelastic deformation mechanism. Comparing both results of experiment and inverse analysis proved the credibility of our proposal model.
Modeling Concept

A new model for deformation and transformation
We convince ourselves from the results of our deformation test that the series combined model should be used for modeling a Lüders type of superelastic deformation in shape memory alloy. We have the idea as mentioned below with respect to a Lüders type of deformation in shape memory al- loy. We consider that a Lüders deformation type of transformation is the following phenomenon. After the stress induced martensite transformation initiates at the several particular points of which the alloy satisfies the condition for transformation, the transformed region expands from the initiating points to the whole alloy in a Lüders deformation style with stress-inducing the untransformed adjoining region as shown in Fig. 1 , and the pseudo elastic deformation is generated there. If the specimen is not subjected to the bending deformation and is always kept in the uniform stress distribution of the simple tensile deformation, the several particular points of which the alloy satisfies the condition for transformation exist certainly in the central region of the cross section of the specimen. Because the stress level in the central region is higher than one in the surrounding regions, which almost all the grains have lower stiffness owing to being cut off in the surface of specimen. Namely, as shown in Fig. 1 , the transformation region expands in every radius direction from the center point into the surrounding region at every position that the transformation initiates, with expanding toward the axial direction. As a conceptual figure of stress-strain curve shown in Fig. 1 , this pseudo elastic deformation due to the transformation progresses without the increment of stress. Because the elongating deformation generates only by propagating of transformation to the adjoining untransformed region without progressing of deformation in the already transformed regions. Otherwise, if the already transformed region were subjected to the plastic deformation and were harden remarkably, the stress might increase certainly with elongating deformation. The local elongating strains in the wire specimen during the transformation are different respectively by whether the regions have been already transformed or not, and become equal at the time finished in transformation. Therefore, we convince ourselves that the series combined model is just suitable for modeling the transforming deformation of such a Lüders style. Figure 2 shows the conceptual figure of the series combined model. The specimen consists of the innumerable small elements combined in series. The generated stress is same value in every element. On the other hand, the strain of each element is determined by whether the element is the martensite phase or the parent phase, and the total strain is given by the summation of the every element strain. Figure 3 shows the conceptual figure of stress-strain curve for Ti-Ni-Cu shape memory alloy subjected to superelastic deformation. We determined that a series of process during loading and unloading consists of eight regions (Region "I"- "VIII"). Since the gradients in a stress-strain curve were considered to occur at the time of staring or finishing of transformation, every boundary point among all the regions were determined by using first differential derivative as shown in Fig. 4 . Now, let explain the way to apply the series combined model for transformation of our proposal to each region using a conceptual figure as shown in Fig. 5 .
Application of model
Stress-strain curve in the region "I" obey the elastic deformation of parent phase until reaching the region "II", where microscopic martensite transformation is generated by being stress-induced preferentially in parent phase. This microscopic martensite phase generated in the region "II" accompanies the plastic deformation immediately after phase transformation. Although the whole alloy continues generating macroscopically an elastic deformation of parent phase because of the insufficient stress to be transformed, the plastic deformation of the locally transformed martensite phase is easily generated in far priority to the transformation of the untransformed parent phase during loading in the region "II". Therefore, all the microscopic martensite phases in the region "II" are subjected to plastic deformation. As shown in Fig. 3 , the starting point of microscopic transformation was defined as σ micro-M s point, while the starting point of macroscopic martensite transformation known well as "M s point" was defined as σ macro-M s point.
Macroscopic stress-induced transformation is generated in the next region "III", where the large increases of strain progress with keeping a constant stress under the strain rate below an usual tensile test speed. Although the tendency of stress increasing distinctly with strain appears gradually as the tensile deforming speed is faster and faster, it was considered from the reason as mentioned in the explanation for the model of our proposal that the stress in the region "III" maintains a constant level.
In the region "IV" only the elastic deformation of stressinduced martensite phase increases up to the maximum strain given in the testing. And the starting point of the region "IV" corresponds to σ M f point. Stress-strain curve in the region "V" obey the elastic unloading of martensite phase until reaching the region "VI", where the microscopic reverse transformation is generated preferentially in martensite phase. In the region "VII" the macroscopic reverse transformation is generated almost without decreasing of stress. The starting point of microscopic reverse transformation was defined as σ micro-A s point, while the starting point of macroscopic reverse transformation known as "A s point" was defined as σ macro-A s point. In the region "VIII" the elastic stress in parent phase releases with unloading, the starting point of region "VIII" corresponds to σ A f point. The residual strain after unloading completely was considered to become the irrecoverable strain consisting of plastic deformed martensite phase.
Formula modeling based on constitutive equation
and formulation procedure Formula modeling was carried out by inverse analysis method that a modeling formula was best fitted for the experimental data obtained by superelastic deformation test as shown in Fig. 6 . In a formula modeling for the behaviors of superelastic deformation, it was supposed that all the material constants in the constitutive equation are invariable.
In the series combined model, all the elements have same mean stress, but the mean strain of each element is different respectively depending on the condition whether each element is in martensite phase or in parent phase. The total strain is given as the summation of mean strain in every element. The plastic deformations are thought to be estimated from the stress increment that occurs immediately succeeding the microscopic transformation generated in the region "II".
Let this model make a formula modeling. The constitutive equation is given by following formula.
Where, E e p and E e m are elastic modulus, E p m is Young's modulus for plastic deformation, and the lower suffixes p, m indicate parent phase and martensite phase, respectively. Φ, called the transformation strain modulus, is given by Φ = dε/dξ = const. A transformation strain is the strain, which is generated from the crystal structural difference between martensite phase and parent phase, and so the Φ is independent on temperature. ξ is the volume fraction of martensite transformation.
∂ξ/∂ε and ∂σ/∂ε indicate a minute increment of the ξ and the σ with increment of strain ε, respectively. The first term expresses elastic strain of parent element. The second term is elastic strain of transformed martensite element, third term the cumulative elastic strains of earlier transformed martensite elements, the fourth term the cumulative plastic strains of earlier transformed martensite elements, the fifth term the transformation strain of martensite elements.
The E e p and E e m were determined by experimental data. On the other hand the E p m and Φ were determined as the values best fitted for experimental data. Total volume fraction of martensite transformation at σ M f point is equal to 1, that is, martensite transformation completes at σ M f point. The deformation after σ M f point is macroscopic elastic deformation of stress-induced martensite phase. Constitutive equation at maximum stress within the elastic region is given by following formula.
Where, ξ p is the volume fraction of plastic deformed martensite phase that has been generated only in the region "II". On the assumption that the ξ p does not entirely decrease during unloading because the plastic deformed martensite phases are impossible to reverse transform, the reverse transformation process can be expressed by following formula.
Where, ξ is the volume fraction of the martensite phase that can transform to parent phase. ε p is the plastic strain in the martensite phase with volume fraction of ξ p . In the region "VIII", if the ξ is equal to 0 at σ A f point, all the elements continue being unloaded as the elasticity of mixed microstructure with martensite phase of ξ p and parent phase. Otherwise, unless ξ is not equal to 0 at σ A f point, the remaining martensite elements continue generating the reverse transformation still with unloading. The irrecoverable strain ε ir consists of plastic deformation strain ε p and transformation strain Φξ p . In performing practically the inverse analysis as mentioned above, a method of dispersing the material as well as the time during loading and unloading was used for the calculation of the volume fraction increasing with plastic deformation.
Experiment
Specimens
Ti-Ni-Cu shape memory alloys were hot forged and hot extruded, and followed by cold drawing and intermediate annealing to make wires with a diameter of 1.0 mm. The alloys are composed of Ti-41.7Ni-8.5Cu (at%). The wires were finished by cold drawing with CW = 40% reduction and were cut to 120 mm in length. The specimens were annealed at T HT = 673 K for 3.6 ks. Pickling and electro-polishing except for clamping sections removed the oxidized surface layer generating on them.
Experimental procedure
The stress-strain behaviors for Ti-41.7Ni-8.5Cu (at%) shape memory alloy were investigated by superelastic deformation tests under various temperature of T H = 90, 80, 70 and 60
• C. The specimen was elongated up to a given maximum strain ε max , where the transformation had finished. Thereafter, the specimen was unloaded until stress became free. Furthermore the tests for the maximum strain of 3.5% at temperature of 90
• C were carried out to prove the credibility of formula modeling analysis.
Discussion
The results of inverse analysis are shown in Figs. 7 and 8 for Ti-41.7Ni-8.5Cu (at%) shape memory alloy subjected to superelastic deformation. Figure 7 indicates the increasing behaviors of martensite volume fraction with increasing of strain in loading process at various temperatures. On the other hand, Fig. 8 indicates the decreasing behaviors of martensite volume fraction with decreasing of strain in unloading process. Judging from the gradient of each curve in Fig. 7 , it was found that the transformation rate dξ/dt (∝ dξ/dε) is slower in region "II" than in region "III". In other words, Fig. 7 can be said to suggest that the transformation in region "II" represents the typical characteristic deformation behaviors in the region where almost parts of the alloy do not reach the complete condition to be transformable. While, once all the elements in the alloy satisfy the complete condition to be transformable, the transformation starts to be generated largely without plastic deformation, and so the transformation rate becomes a constant.
From the inverse analysis results of reverse transformation shown in Fig. 8 , it is found that the transformation in the region "VI" progresses at a gentle rate and then the rate rises to be a constant after starting the macroscopic reverse transformation. In the region "VIII" the reverse transformation continues progressing slightly and then finishes except plastic deformed martensite phase. With respect to such phenomenon mentioned above, we consider that the back stress generated surrounding the plastic deformed martensite phase needs to be released so as to get the reverse transformation to complete. Figure 9 indicates the change of martensite phase volume fraction in a half cycle up to maximum strain of 3.5%, which was predicted on the basis of inverse analysis results for martensite phase volume fraction in a full cycle. In our prediction it was considered that the ξ behaviors in the unloading process between the starting point (D, D ) and the finishing point (F, F ) of the local microscopic reverse transformation are same almost in both cases of a full cycle and a half cycle.
Also that either of the volume fractions ξ p of the residual martensite phase subjected to plastic deformation are determined by the martensite phase generated in the region "II" in the case of both cycles. Moreover, the strains at the point A f were determined so that the line for the macroscopic behavior of reverse transformation may cross smoothly to the horizontal line for the ξ p . Figure 10 shows the stress-strain curves, which was predicted using the ξ obtained by a procedure mentioned above, together with the experimental data of a half cycle as well as the curve of a full cycle. It proves clearly the validity of our proposed analysis that the predicted curve is well consistent with the experimental data. Figure 11 shows the temperature dependence of the volume fraction ξ p as well as the plastic strain ε p of the martensite phase subjected to plastic deformation, obtained by the inverse analysis method. As presumed from this figure, it can be predicted quantitatively that the ξ p as well as the ε p increase with temperature. These results are well consistent with the temperature dependence of irreversible strain ε ir seen just in the stress-strain curve of Fig. 6 . Also, Fig. 12 shows that the progressing rates dξ/dt of transformation as well as reverse transformation of the martensite phase depend distinctly on the temperature and decrease with increasing of temperature.
As mentioned above, the prediction of martensite volume fraction based on the constitutive equation of our proposal were confirmed to be possible to research the behaviors of the microscopic characteristics as well as the macroscopic properties during superelastic deformation of Ti-Ni-Cu shape memory alloy.
Conclusion
Superelastic deformation tests and inverse analysis for experimental data obtained were carried out for Ti-Ni-Cu alloy. Formula modeling based on constitutive equation was studied for predicting the behavior of volume fraction as well as plastic strain for transformed martensite phase. The main significant results obtained are as follows:
(1) A series of the superelastic deformation process from loading to unloading can be defined to consist of 8 regions. In either point region of "M s point" and "A s point" for significant transformation, there are the transformation regions consisting of both points of "microscopic" and "macroscopic", where microscopic transformations is locally generated up to starting of macroscopic transformation.
(2) The martensite phase, transformed in the region "II" between micro-M s and macro-M s , can not reverse transform to parent phase due to the plastic deformation generated succeeding to stress-induced transformation. This plastic deformed martensite phase becomes the irreversible strain finally.
The prediction of martensite volume fraction based on the constitutive equation of our proposal can be useful sufficiently to research the behaviors of stress, strain, transformation rate, and so on during superelastic deformation of TiNi-Cu shape memory alloy from the viewpoint of the microstructural characteristics.
